TRIGONOMETRIC FUNCTIONS
REFERENCE

1. Right-Angled Triangle Definition 2. Unit Circle Definition
y
X,
o & x,y) 0
0 o) 1 ¥
A
0<0<m/2)
sinf =0/H ¢scO=H/O sinf =y cscO=1/y
cosf =A/H secO=H/A cosB =x secO =1/x
tan6 = O/A cotO=A/0O tan0 =y/x cotf =x/y
3. Domain Restrictions 4. Range
(nez) -1 <sinf <1 cscH<-1or1<csch
sin O: none cscO: 0 #nmn -1<cosf <1 secO<-1or1<secH
cos 0: none secO: 0 #(n+1/2)T _oco <tanB < o0 —o00 < cotO < oo

tan0: 0 # (n+1/2)n cotO: 0 # nn

5. Odd and Even Relations 6. Square Relations
sin(—0) = —sin6 csc(—6) = —cscO
cos(—0) =cosO  sec(—6) =secO
tan(—0) = —tan 6 cot(—0) = —cot O

sin 0 + cos? 0 = 1
tan? 0 +1 = sec? 0
cot? 0 +1=csc?0
csc? 0 +sec? 0 = csc? 0 sec® 0

7. Double Angle Formulae

1- 2

sin260 = 2sin O cos 6 sin? 0 = %9
c0s26 = cos? 6 —sin 6
.2 2 2, 1+cos26
=1-2sin“0 =2cos“0 -1 cos Q_T
2tan O

=< - 1- 26

tan 26 1—-tan? 9 tan® 0 = o

1+ cos260



8. Compound Angle Formulae
csc A csc B sec Asec B
sec A csc B + csc Asec B

sin(A + B) = sin A cos B + cos Asin B csc(A £ B) =

A+B)= A B Fsin Asin B
cos( ) = cos Acos B Fsin Asin csc A csc Bsec Asec B

A+B)=
tan(A + B) = tan A + tan B sec( ) csc A csc B F sec A sec B
- 1FtanAtanB
COt(A + B) = cotAcotBF1
T/ cotB+cotA
9. Product-to-Sum Formulae
1 1
sin A cosB = E(sin(A + B) + sin(A — B)) cos AcosB = E(cos(A + B) + cos(A — B))
. 1, . . . . 1
cosAsinB = E(sm(A + B) — sin(A — B)) sinAsinB = —E(COS(A + B) — cos(A — B))
10. Sum-to-Product Formulae
A-B A+B A-B
sin A + sin B = 2sin cos 5 cos A+ cos B =2cos 2 cos 5
A+B A-B A+B A—-B
sinA —sin B = 2 cos sin cos A —cosB = -2sin sin
2 2 2
11. Derivatives and Integrals
cosf «L-  sin® —[— —cosO+C
—-sinf «L- cos® —[— sinf+C
se?0 «L- tan® —[— InsecO|+C
—cscOcot® «fL—-  esc —[— InescO—cotO|+C
secOtan0 «4L- secO —[— InlsecO+tan0|+C
—csc? 6 «L-  cotd —/— In|sinO|+C
1
- <4 - arcsinx —/— xarcsinx+V1-x2+C
1-x
1
- = <44 arccosx —[— xarccosx —V1-x2+C
1-x
1 «4 _ arctanx —[— xarctanx — 1 In(1+x2)+C
1+x2 & 2
12. Power Series Expansions 13. Limits
6> 0> o (D" e im 509
NB=0-— — + — — — 4+...= ) 1 =1
sSin0=0-r+5 -7 _Z_;)(Zn+1)!e 650 6
02 % @ i (=" . 1l—cosO
=1 — 4= - 4+...= lim —— =0
cosO=l-zrtg-g+ _Z(Zn)!g o—0 0



14. Tangent Half-Angle Substitution

2t 1-+#2\ 24t 0
in 0, cos 0)dO = (—,—)— t =tan —
/ f(sin, cos 6) / f 1+2" 1482/ 1442 3
15. Harmonic Addition Theorem
asin® + b cos 6 = sgn(b)Va? + b2 cos(@ + arctan(—%))
16. Trigonometric Ratios of Special Angles
0 in radians I T T T 5n T
12 6 4 3 12 2
in degrees  0° 15° 30°  45° 60° 75° 90°
. Ve-v2 1 V2 VB e+ V2
sin 6 0 _ = — — _ 1
4 2 2 2 4
Ve+v2 V3 V2 1 Ve-V2
cos O 1 _— - — = _— 0
4 2 2 2 4
tan 0 0 2-v3 ? 1 V3 2+v3 undefined
17. Reflections and Shifts
. . L 3n
@ in radians Eie n+0 ?16 2n+ 0
in degrees 90° + 6 180° + 6 270° + 6 360° + 0
sin ¢ cos 0 Fsin 0 —cos 0 +sin 0
cos ¢ Fsin 0 —cos 0 +sin 0 +cos 0
tan ¢ Fcotl +tan 0 Fcotl +tan 0
csc @ sec FescO —sec0 +csc O
sec FescO —sec O +cscO +secO
Ftan 0 +cot O Ftan 0 +cot O

cot




18. Composition With Inverse Trigonometric Functions

sin(arcsinx) = x

sin(arccos x) = V1 — x2

X
sin(arctan x) =
V1 + 2
. 1
sin(arccscx) = —
x
. x2-1
sin(arcsec x) = .
. 1
sin(arccot x) =
1+ x2

cos(arcsinx) = V1 — x2

cos(arccos x) = x

1
cos(arctan x) =
1+x2
x2 -1
cos(arcecsc x) = =
cos(arcsec x) = —
x
cos(arccotx) =

d

1+ x2

19. De Moivre’s Theorem and Complex Exponential Relations

i0 —i0
. etV —e
sin O = -
2i
2i
cscl = ——
el0 _ p—i0

arcsinz = —iIn(iz + V1 —z2)

1

. i
arccscz = —i ln(— +4/1-—
z z2

)

eiﬁ’

=cis0 =cos O +isinf

i0 —i0
eV +e
cos = ————
2
2
secl = ———
el0 4 p—i0

arccisz = —ilnz
arccosz = —iln(z + Vz2 - 1)

(1
arcsecz = —i ln(— +i4/1—
z z2
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tan(arcsin x) =

1-x2

1-x2
tan(arccos x) = .
tan(arctan x) = x

1

tan(arccsc x) =

x2 -1

tan(arcsec x) = Vx2 — 1

1
tan(arccot x) = o

i0 —i0
etV —e
tan O = —i -
ei0 4 p—i0
i0 —i0
+e
cotO =i
i0 _ p—i0
i i+z
arctanz = = ln(.—)
2 i—-z
i z—1i
) arccotz = — In(—)
2 zZ+i

)



